The purpose of this paper is to provide a full analysis of the null controllability problem for the one dimensional degenerate/singular parabolic equation
INTRODUCTION
We consider the null controllability problem of the degenerate/singular parabolic equation
t ∈ (0, T ), u(t, 0) = 0, α ∈ (0, 1), t ∈ (0, T ), (au x )(t, 0) = 0, α ∈ [1, 2), t ∈ (0, T ), u(0, x) = u 0 (x),
x ∈ (0, 1),
where Q T := (0, T ) × (0, 1). There exist two questions:
Here, we make the following assumption.
Hypothesis 1. Suppose that the degeneracy coefficient a(·) satisfies the following conditions:
First, we need a functional setting to study our problem. Indeed a natural functional setting involves the space
Also, depending on the value of α we consider the following subspaces
Note that for the proof of well-posedness of equation (1), the classical Hardy inequality is not sufficent. Instead, we use an improved Hardy inequality to answer the question (1) . In fact, we have the following (see [1] ). [1] ).
Remark 4. We know the inequality is false in the case
β > 2 − α * (α * = lim inf x→0 xa ′ (x) a(x)
Now, set
Au :
Using (2), one can prove that for suitable k ≥ 0, the operator −(A − kI) is positive and self-adjoint. (see [1] ), so the answer of the question (1) is positive. For the question (2), our wish is to drive some observability inequalities for the solutions of the adjoint equation.
x ∈ (0, 1).
For this purpose, we prove Carleman estimate for the solutions v of the following equation
x ∈ (0, 1), (4) To define this estimate, consider 0 < γ < 2 − α and σ(t, x) := θ(t)p(x), where
for suitable positive constants c 1 , c 2 and ξ defined in the process of the proof of the estimate. Now, the following theorem is valid.
Theorem 5. Let T > 0.
In the case α ∈ [0, 2), β < 2 − α and λ ∈ R, for every γ < 2 − α there exist two positive constants C and R 0 , such that for all R ≥ R 0 and all solutions v of (4), we have
x (t, 1)e 2Rσ(t,1) ).
As a consequence, we have the following observability result.
Proposition 6. Let T > 0 and ω be a nonempty subinterval of (0, 1). Then there exists a positive constant C = C (T, a, α, λ) such that the following observability inequality is valid for every solution v of (3),
CONCLUSIONS
Finally, by standard arguments (see, e.g., [2] ), a null controllability result follows.
Theorem 7. Let T > 0 be given, and let ω be a nonempty subinterval of (0, 1).
such that the solution of (1) Note that the simplest example is a(x) = x α , which has been considered in [3] . Also, as shown in [4] , our hypothesis is strictly weaker than the hypothesis considered in [5] . So, our result completes and unifies the results of [3] , [5] .
